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Abstract: 

We consider an instance of the AdS/CFT duality where the bulk theory contains an open string 
tachyon, and study the instability from the viewpoint of the boundary field theory. We focus 
on the specific example of the AdS^ x S 5 background with two probe D7 branes intersecting 
at general angles. For generic angles supersymmetry is completely broken and there is an 
open string tachyon between the branes. The field theory action for this system is obtained 
by coupling to M = 4 super Yang-Mills two M = 2 hyper multiplets in the fundamental 
representation of the SU(N) gauge group, but with different choices of embedding of the two 
M = 2 subalgebras into M = 4. On the field theory side we find a one-loop Coleman- Weinberg 
instability in the effective potential for the fundamental scalars. We identify a mesonic operator 
as the dual of the open string tachyon. By AdS/CFT, we predict the tachyon mass for small 
't Hooft coupling (large bulk curvature) and confirm that it violates the AdS stability bound. 
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1. Introduction 

Open string tachyon condensation has been studied from many viewpoints, see [0] for a review. 
Here we consider a holographic (AdS/CFT) setup where the bulk theory contains an open 
string tachyon, and ask what is the counterpart of tachyon condensation in the boundary field 
theory. We will identify a sector of the boundary theory as a "holographic open string field 
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theory" capturing the tachyon dynamics. Since the bulk is weakly coupled when the boundary 
is strongly coupled, and viceversa, we are bound to learn something new from their comparison. 

We introduce the open string tachyon by adding to the AdS§ x S 5 background two probe 
D7 branes intersecting at general angles. Probe branes are the familiar way to include a 
small number of fundamental flavors in the AdS/CFT correspondence 0. If the closed string 
background is supersymmetric, it is possible, and often desirable, to consider configurations of 
probe branes that preserve some supersymmetry, as e.g. in [§, ||, [|, |J, |[ [7|, || H [L0], |Tl|, [12], 



|13| , |14l , [Tq , jig, [L7|]. Instead, we are after supersymmetry breaking and the ensuing tachyonic 
instability. Another way to motivate our work is then as a natural susy-breaking generalization 
of the standard supersymmetric setup of p|. This generalization is technically challenging, and 
the technical aspects have some interest of their own. Intersecting brane systems have many 
other applications in string theory, from string phenomenology to string cosmology, and the 
technical lessons learnt in our problem may be useful in those contexts as well. 

The system that we study is as an open string analogue of the AdS/CFT pairs involving 
closed string tachyons considered in [T3|, [TP], 2~0, 21]. Let us briefly review that analysis. In all 
non-supersymmetric orbifolds of M = 4 SYM, there is an instability for large N and small 't 
Hooft coupling A. The instability is triggered by the renormalization of double-trace couplings, 
of the form / J d 4 x O 2 , where O ~ TrX 2 is a scalar bilinear. At leading order for large N, the 
't Hooft coupling A is exactly marginal, but the double-trace coupling / runs. The one-loop 
beta function /?/(/, A) = does not admit zeros for real values of / |L9|, pOR , so conformal 
invariance is inevitably broken for arbitrarily small (but non-zero) A. On the field theory 
side, the instability can be seen in two equivalent ways. The most direct is as the Coleman- 
Weinberg instability of the double-trace part of the scalar potential, implying that the scalars X 
must acquire a non-zero vev. Alternatively , we can insist in formally preserving conformal 
invariance by tuning / to the zero of its beta function, which is a complex number; it then turns 
out the anomalous dimension A of O takes a complex value of the form A = 2 + ibX + 0(A 2 ). 
By AdS/CFT, the bulk scalar field dual to O has m 2 = A(A - 4) = -4 - 6 2 A 2 + 0(A 3 ) (in 
AdS units), and is thus a "true" tachyon, since its squared mass is below the Breitenlohner- 
Freedman [[22| stability bound m 2 BF = —4. The field theory analysis holds for small 't Hooft 
coupling A, when the bulk string background is strongly curved and the direct evaluation of its 
spectrum difficult. By contrast for A — > oo calculations are easy in the bulk. The bulk analysis 
reveals that in some cases (orbifolds with fixed points on S 5 ) the tachyonic instability persists 
at large A, but it disappears in others (freely acting orbifolds). The upshot is that AdS/CFT 
makes interesting predictions both at weak and a strong coupling. 

The AdS§ x S 5 background with two probe intersecting D7s can be viewed as an open 
string version of this story. For general angles the bulk theory is unstable via condensation of 
an open string tachyon, or at least this is the picture for large A where we can calculate the 
string spectrum. In this paper we focus on the the field theory analysis at small A, with the 
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goal of detecting the expected instability. 

The first challenge is to write down the Lagrangian of the dual field theory. As is well- 
known, adding Nf parallel D7 branes to AdS§ x S 5 corresponds to adding to M = 4 SYM action 
Nf extra M = 2 hyper multiplet in the fundamental representation of the SU(N) gauge group. 
The resulting action preserves an M = 2 subalgebra of the original M = 4 supersymmetry 
algebra - which particular M = 2 being a matter of convention so long as it is the same for 
all the hyper multiplets. Introducing relative angles between the D7 branes corresponds to 
choosing different embeddings for the Af = 2 subalgebras of each different hyper multiplet. 
In general supersymmetry will be completely broken, while for special angles M = 1 susy is 
preserved. When M = 1 is preserved we can use M = 1 superspace to write the Lagrangian. 
When supersymmetry is completely broken the determination of the Lagrangian turns out to be 
a difficult technical problem that we are unable to solve completely. We cannot fix the quartic 
terms ~ Q 4 where Q are the hyper multiplet scalars. The difficulty is related to the lack of 
an off-shell superspace formulation of M = 4 SYM. Nevertheless, by making what we believe 
is a mild technical assumption, we can fix the sign of the classical quartic potential. This is 
sufficient to argue that the theory is indeed unstable from the renormalization of "double-trace" 
terms / J d 4 x O 2 , where now O ~ Q a Q a with a = 1, . . . N a color index. We are now using 
"double-trace" in quotes since of course the fields Q are not matrices but vectors, but the logic 
is much the same. The renormalization of / has the same twofold interpretation as above. We 
identify the mesonic operator O as the dual of the open string tachyon between the two D7 
branes. The Coleman- Weinberg potential for Q plays the role a holographic effective action for 
the tachyon. 

2. AdS/CFT with Flavor Branes Intersecting at General Angles 

We begin with a review the Karch-Katz setup ||, where parallel probe D7 branes are used to 
engineer an M = 2 supersymmetric field theory with flavor. We then break supersymmetry 
by introducing a relative angle between the D7 branes. We derive the dual Lagrangian, up to 
an ambiguity in the quartic potential for the fundamental scalars. We end the section with a 
review of the basic bulk-to-boundary dictionary. 

2.1 Parallel flavor branes 

We start with the familiar D3/D7 supersymmetric brane configuration with N "color" D3s 
and Nf "flavor" D7s, arranged as shown in Figure 1. For now 9\ = 8 2 = 0, that is, all D7 
branes are parallel to one another. Taking the decoupling limit on the D3s wordvolume, the D3 
branes are replaced by their near-horizon geometry. If Nf N, we can treat the D7 branes 
as probes in the AdS$ x S 5 background, neglecting their backreaction [§]. This background 
preserves M = 2 supersymmetry in four dimensions. 
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Figure 1: The brane configuration. 



The dual field theory is M = 4 SU(N) SYM coupled to N f M = 2 hyper multiplets in the 
fundamental representation of the SU(N) color group, arising from the D3-D7 open strings. 
We are interested in the case of massless hyper multiplets, corresponding to the brane setup 
where the D7s coincide with the D3s (at the origin of the 89 plane). After decoupling, the 
probe D7s fill the whole AdS^ and wrap an S 3 C S 5 . 

Let us briefly recall the field content of the boundary theory. A more detailed treatment 
and the full Lagrangian can be found in Appendix A. The M = 4 vector multiplet consists of 
the gauge field A^, four Weyl spinors A^, A = 1, . . . , 4 and six real scalars X m , m = 4, . . . , 9 
corresponding to the six transverse directions to the D3 branes. It is convenient to represent the 
scalars as a self-dual antisymmetric tensor X AB of the i?-symmetry group 5 , L r (4)^ = Spin(6), 
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(2.2) 



Each Af = 2 flavor hyper multiplet consists of two Weyl spinors and two complex scalars, 



(ft 



(2.3) 



Here i 



, Nf is the flavor index. The scalars form an SU(2)r doublet, 
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(2.4) 
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The flavor hyper multiplets are minimally coupled to the Af = 2 vector multiplet that sits 
inside the Af = 4 vector multiplet. This coupling breaks the /^-symmetry SU(A) R to SU(2)l x 
SU (2) R xU(l) R , where SU (2) R xU (1) R is the i?-symmetry of the resulting Af = 2 theory. There 
is a certain arbitrariness in the choice of embedding SU{2) L x SU{2) R x U{1) R C SU(4) R = 
Spin(6). This corresponds to the choice of orientation of the whole stack of D7 branes in the 
456789 directions (we need to pick an M 4 C M 6 ). For example if we choose the configuration 
of Figure 1, we identify SU{2)l x SU{2) r = 5*0(4) with rotations in the 4567 directions and 
U(1) R = S0(2) with a rotation on the 89 plane. A short calculation using our parametrization 
of the scalars ( p.2|) shows that this corresponds to the following natural embedding of SU (2) l x 
SU(2) R x U(1) R C SU(A) R : 



(2.5) 



Of course, any other choice would be equivalent, so long as it is performed simultaneously for 
all D7 branes. With the choice ( |2.5| ), the M = 4 vector multiplet splits into the M = 2 vector 
multiplet 
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and the Af = 2 hyper multiplet 
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The two Weyl spinors in the vector multiplet form an SU{2) R doublet 

while the two spinors in the hyper multiplet form an SU(2)l doublet, 

1= 1,2. 



A 3 
A 4 



(2. 



(2.9) 



We use X, J . . . = 1,2 for SU(2) R indices and X ... = 1,2 for SU(2)l indices. To make 
the SU(2)i x SU(2) R quantum numbers of the scalars more transparent we also introduce the 
2x2 complex matrix X T f, defined as the off-diagonal block of X AB , 
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Note that X obeys the reality condition 

[X ±x )* = -X ±x = -t ± jt XJ X^ . (2.11) 
We summarize in the following table the transformation properties of the fields: 
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Table 1: Quantum numbers of the fields. 



2.2 Rotating the flavor branes 

We now describe a non-supersymmetric open string deformation of this background. For sim- 
plicity we consider the case Nf = 2. While keeping the two D7 branes coincident with the 
D3s in the 0123 directions, we rotate them with respect to each other in the transverse six 
directions, see Figure 1. There are two independent angles, so without loss of generality we 
may perform a rotation of angle 9\ = #49 in the 49 plane and a rotation of angle 62 = #85 in 
the 58 plane. For generic angles supersymmetry is completely broken; for 61 = 9 2 it is broken 
to M = 1. As we rotate the branes, some D7-D7' open string modes become tachyonic. The 
main goal of this paper is to study this tachyonic instability from the viewpoint of the dual 
field theory. 

On the field theory side, rotating the second brane D7' amounts to choosing a different 
embedding of SU{2) R C £{7(4) for the second hyper multiplet, while keeping the standard 
embedding (|2.5|) for the first. In the Lagrangian, we must perform an £77(4) rotation of the 
J\f = 4 fields that couple to the second hyper multiplet, leaving the ones that couple to the first 
unchanged. The rotation is of the form 

X'm = O2) X n , \' A = K {i 2 B (6u 9 2 ) X B . (2.12) 

The explicit form of the rotation matrices and IZ^ is given in Appendix B. 

Naively, the Q 4 terms are not affected by the rotation, but this is incorrect. This is seen 
clearly in M = 1 superspace. The M = 4 multiplet is built out of three chiral multiplets $ a , 
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a = 1,2,3 and one vector multiplet V. The Q A terms arise from integrating out the auxiliary 
fields F a (a = 1,2,3) of the chiral multiplets and D of the vector multiplet, which transform 
under the SU(4) R rotation. For example, a rotation that preserves Af = 1 supersymmetry 
(0i = 9 2 ) corresponds to a matrix IZ^ C SU(3), which acts on F a leaving D invariant. The 
correct Lagrangian is obtained by performing the rotation on the X m , Xa and F a fields that 
couple to the primed hyper multiplet, and only then can the auxiliary fields be integrated out. 
The Q A terms get modified accordingly. 

Under a more general S , f/(4)^ rotation, the F a and D auxiliary fields are expected to 
mix in a non-trivial fashion. There exists a formalism developed in [^3[ |24| that provides the 
generic R-symmetry transformations action in M = 1 superspace. Unfortunately, for M = 4 
supersymmetry we cannot rely on this formalism because the transformations do not close 
off-shell. This technically involved point is explained in detail in Appendix C. There we also 
provide an M = 2 supersymmetry toy example where the formalism works perfectly since the 
M = 2 R-symmetry algebra closes off-shell. 

To proceed, we parametrize our ignorance of the Q 4 terms. The exact form of the full La- 
grangian, including the parametrized Q A potential, is spelled out in Appendix B. Schematically, 
we write the Q A potential as 

V = Q\ + Q\ + (Q 1 Q 2 ) 2 F f (9t, 9 2 ) + {QiQ 2 )l d {9 X , 6 2 ) , (2.13) 

for some unknown functions f{9i,9 2 ) and d(6i,8 2 ). Here Q\ and Q 2 are shorthands for the 
scalars in the first and second hyper multiplets and the subscripts F and D refer to different 
ways to contract the indices, see ( |B.28| ) for the exact expressions. The letters F and D are chosen 
as reminders of the (naive) origin of the two structures from integrating out the "rotated" F and 
D M = 1 auxiliary fields, but this form of the potential follows from rather general symmetry 
considerations, as we explain in Appendix B. When 9\ = 8 2 , M = 1 supersymmetry is preserved 
and M = 1 superspace allows to fix the two functions, 

/(0,0) = cos0, d(6,G) = l. (2.14) 

For general angles, we can constrain / and d somewhat, using bosonic symmetries (see Appendix 
B), but unfortunately we are unable to fix them uniquely. The most important assumption we 
will make in the following is positivity of the classical potential, Vq4 > 0, implying f(9i, 6 2 ) < 1 
and d(8i, 9 2 ) < 1 for all 9%, 9 2 . Positivity would follow from the mere existence of any reasonable 
off-shell superspace formulation, as the scalar potential would always be proportional to the 
square of the auxiliary fields, even when supersymmetry is broken by the relative R-charge 
rotation between the two hyper multiplets. 1 Note also that the classical potential Vqa is a 
homogeneous function of the Qs, so it is everywhere positive if and only if it is bounded from 
below, which is another plausible requirement. 

1 To illustrate how this would work we consider in section C.2 Af = 2 SYM theory coupled to two fundamental 
TV = 1 chiral multiplets, with different choices of the two Af — 1 subalgebras. 
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2.3 Bulk-boundary dictionary 

The basic bulk-to-boundary dictionary for the parallel brane case has been worked out in 
p5j 26fl . A brief review is in order. 

In the closed string sector, Type IIB closed string fields map to single-trace operators of 
M = 4 SYM, as usual. In the open string sector, open string fields on the D7 worldvolume 
map to gauge-singlet mesonic operators, of the schematic form QX n Q, where Q stands for a 
generic fundamental field and X for a generic adjoint field. 

The massless bosonic fields on the D7 worldvolume are a scalar $ and a gauge field (Ap,, Aa), 
where fi are AdS$ indices and a are S 3 indices. Kaluza Klein reduction on the S 3 generates the 
following tower of states, labeled in terms of (ji , j 2 ) s representations of SU{2) L x SU{2) R x 

, A^A^(ii) , A^A^f^/JLl) • (2.15) 



1 I* M V 9 9 

(The longitudinal component of A & is not included because it can be gauged away). These 
states (and their fermionic partners, which we omit) can be organized into short multiplets of 
the M = 2 superconformal algebra, 

(A^\A%$\A l + l ) , £ = 0,1,2,... (2.16) 

of conformal dimensions 

(£ + 2,£ + 3,£ + 3,£ + 4). (2.17) 

For i = the A + state is absent. Note that all states in a given multiplet have the same SU(2)l 
spin, indeed the Af = 2 supercharges are neutral under SU{2)l- 

The lowest member of each multiplet, namely A_, is dual to the chiral primary operator 

Q{% x x x ± x ■ ■ ■ X x e x e Qj} ' ( 2 - 18 ) 

where Q x is the SU{2) R doublet of complex fundamental scalars. In (|2.18| ) the SU{2) L and 
SU{2)r indices are separately symmetrized. In particular for t = 0, we have the triplet of 
mesonic operators 

3 = Q {X Q J} = Q X Q J - 1 -QkQ K ^ . (2.19) 

The singlet operator 

Q 1 = QxQ 1 , (2.20) 

is not a chiral primary and maps to a massive open string state. 

In Appendix D we compute the one-loop dilatation operator acting on the basis of states 
O ee QxQ 3 , evaluating the diagrams schematically drawn in Figure 2. We find 

A 

47^ 



T (1) = — K, K = 5 X j5^. (2.21) 



- 8 - 




Figure 2: Diagrams contributing to the one-loop renormalization of the mesonic operators. 



The eigenstates are the triplet and the singlet, with eigenvalues 

73 = 0, 71 = A" ( 2 - 22 ) 

As expected, the chiral triplet operator has protected dimension. At one-loop, this result does 
not change as we turn on non-zero angles Q\ and B% . 

So far we have considered the case of a single D7 brane, or a single flavor. For multiple 
D7 branes (multiple flavors) the Chan-Paton labels of the open strings are interpreted as the 
bifundamental flavor indices of the mesonic operators, O x \ i, j = 1, . . . Nf. In our setup, with 
Nf = 2, the lowest mode of the open string with off-diagonal Chan-Paton labels, which is 
the massless gauge field for parallel branes, becomes tachyonic as we turn on a relative angle 
between the D7s. In the dual field theory we expect to find an instability associated with the 
operator 0\ 2 , the lowest dimensional operator dual to the off-diagonal open string mode. 



3. "Double-trace" Renormalization and the Open String Tachyon 

Our setup is an open string version of the phenomena studied in 



151 im EDI El. Motivated 



by the work of [|19|, BJJ, we considered in |2T| a generic large N, non-supersymmetric field 
theory with all matter in the adjoint (or bifundamental) representation. We further assumed 
the theory to be "conformal in its single-trace sector", by which we mean that all single-trace 
couplings have vanishing beta function for large N. In such a theory, quantum effects induce 
double-trace couplings of the schematic form 



5S = f d 4 xOO, O ~ Tr . 



(3.1) 



where is a scalar field. The beta function for / may or may not admit a real fixed point. 
If fif has no real zeros, conformal invariance is broken. A closely related phenomenon is the 
generation of a Coleman- Weinberg potential V (((f))) [18 . It is not difficult to show [21| that 
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the symmetric vacuum (0) = is stable if and only if /3j has a fixed point; conversely, if f3f has 
no real zeros, dynamical symmetry breaking occurs. 

Field theories of the kind just described arise in several examples of the AdS/CFT corre- 
spondence. The best known cases are non-supersymmetric orbifolds of M = 4 SYM, dual to 
Type IIB string theory on AdS 5 x S 5 /T with T a subgroup of SU(4:) R (but not a subgroup of 
SU(3)). The field theory instability associated with double-trace renormalization is the bound- 
ary counterpart of the instability associated with a closed string tachyon in the AdS bulk. By 
a tachyon we mean a bulk scalar that violates the Breinlohner-Freedman bound. As usual, 
the weakly coupled boundary theory (small 't Hooft coupling A) gives information about the 
high curvature regime of the bulk theory and vice versa. In some examples (non-freely acting 
orbifolds of M = 4 SYM), the instability is visible both in the weakly curved bulk theory 
and in the one-loop analysis of the boundary theory; presumably the theory is unstable for all 
couplings. In other examples (freely acting orbifolds of M = 4) an instability shows up in the 
one-loop analysis of the boundary theory, but the spectrum of the weakly curved bulk theory 
has no tachyon; the tachyon must become massive for A greater than some critical value. 

We showed in [^TJ that at large TV the conformal dimension Aq and the beta function (3f 



take the general forms 



A = 2 + 7 (A) + -^-/, (3.2) 
1 + 7(A) 

/3/ = T ^| X y/ 2 + 2 7 (A)/ + a(A). (3.3) 
Here v (A) is defined as the normalization coefficient of O, 

(O(x)O(O)) = . (3.4) 

7(A) is the contribution to the anomalous dimension of O from single-trace interactions; finally 

a(A) is the coefficient of the induced double-trace terms, coming from the single trace interac- 



tions, in the quantum effective potential. The expressions (|3.2| , |3.3|) are valid to all orders in 
planar perturbation theory: large iV factorization implies that /?/ depends at most quadrati- 
cally on /, and at most linearly |H| . The coefficients v (A), 7 (A) and a(A) have planar 



perturbative expansions 

00 00 00 

,(A) = $>^A^, 7 (A) = f> (i) A L , «(A) = 5> (L)AL+1 > (3.5) 

L=l L=l L=l 

where the L denotes the loop order. Consider the discriminant of the quadratic equation (3f = 0, 

D { X)^ 7 (Xf-^§. (3.6) 
1 + 7(A) 
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If D(X) < 0, there are no physical (real) values of / for which the theory is conformal. But 
if we insist on formally preserving conformal invariance by tuning / to one of its two complex 
fixed points, then the operator dimension also becomes complex, 



A = 2± i 6(A), 



6(A) 




(3.7) 



Using the usual AdS/CFT dictionary 



A, 



■o — 



d -± 

2 




(3.8) 



we find that the AdS§ scalar dual to O has mass | f2~T[ | 



m 2 (\)R 2 



m 2 BF R 2 + D(X) 



4 + D(A). 



(3.9) 



For negative discriminant m 2 (A) < m 2 BF : the scalar field dual to O is a true tachyon and the 
bulk theory is unstable. 

We now generalize this story to AdS/CFT dual pairs containing an open string sector. In 
the presence of flavor branes in the AdS bulk, the dual field theory contains extra fundamental 
matter. An open string tachyon corresponds to an instability in the mesonic sector of the 
boundary theory. In this paper we illustrate this phenomenon in the example of the intersecting 
D7 brane system. The classical Lagrangian of the boundary theory takes the schematic form 



£ = £ad 30m t + £fun d = -Tr [F 2 + {DXf + ...]- {DQf - -O ij 6 ij + ... (3.10) 



tal scalars and for simplicity we have ignored the SU(2)r structure, which will be restored 
shortly. 2 The whole £f un d is 1/N suppressed with respect to £ adjoint-, in harmony with the fact 
that the classical D-brane effective action arises from worldsheets with disk topology, and is 
thus suppressed by a power of g s ~ 1/N with respect to the classical closed string effective 
action, arising from worldsheets with sphere topology. Nevertheless, as always in the tachyon 
condensation problem, it makes perfect sense to focus on classical open string field theory. The 
classical open string dynamics is dual to the quantum planar dynamics of the mesonic sector of 
the field theory. The 't Hooft coupling A does not run at leading order in N, indeed the hyper 
multiplet contribute to (3\ at order 0(1/N). For generic angles, the term in the Q 4 potential 
that mix the two flavors run, so perturbative renormalizability forces the introduction of a new 
coupling constant /, 



where %3 



Q ia Qja are the gauge-invariant mesonic operators made from the fundamen- 



S£ f und = -j-O l2 



12 



(3.11) 



2 To avoid cluttering in some expressions below we always write the flavor indices as upper indices in Q 10 . 



Note on the other hand that no extra terms diagonal in flavor (namely O n O u and Q 22 Q 22 are 
induced at one-loop. For the first flavor this is immediate to see: the diagrams contributing 
to the term O ll xl of the effective potential are independent of 9i, 6 2 (they do not involved 
any coupling mixing the two flavors) and thus their sum must vanish, as it does in the M = 2 
supersymmetric theory with Q\ = 9 2 = 0. For the second flavor this follows by symmetry, since 
the two flavors are of course interchangeable. 3 

This extra "double-trace" term (|3.11 ) arise at the same order in N order as the classical 



C f un d-, indeed inspection of the Feynman diagrams shows that the one- loop bare coupling f 
behaves as 

/ ~A 2 logA. (3.12) 



The analysis |21[ can be applied in its entirety to this "open string" case. The "double-trace" 
beta function /3f takes again the form ( |3.3j ), and its discriminant D(\) computes now (through 
( |3.9| ) the mass of the open string tachyon dual to mesonic operator O 12 . Let us turn to explicit 
calculations. 

3.1 The one-loop "double-trace" beta function 

To proceed, we need to be more precise about the structure of the "double-trace" terms induced 
at one-loop, restoring their SU(2) R structure. For general angles 6\ and # 2 , there are three 
independent structures, 

SC fund = -± [/ 3± (OllOll + OllOU) + hoO^OH + hOfOf] . (3.13) 

We have imposed neutrality under the Cartan of SU(2)r, since this is an exact symmetry for 
generic angles, corresponding geometrically to rotations in the 67 plane (more precisely a 67 
rotation is a linear combination of the Cartan of SU(2)l and SU(2)r, but the hyper multiplets 
are neutral under SU{2)l). When one of the angles is zero, say 62 = 0, rotations in the 
567 directions a symmetry (again a diagonal combination of SU{2)l and SU(2)r), implying 
/ 3 ± = / 3 o = fa. We focus on the triplet mesons, which are dual to the open string tachyon. For 
a single non-zero angle there is one beta function f3f 3 to compute, since the three components of 
the triplet are related by symmetry. For generic angles there are in principle two distinct beta 
functions /3f ± and /3/ ; we will illustrate our method computing the first, which is a slightly 
simpler calculation. At one-loop, the "double-trace" beta function takes the form 

f3 f = v w f + 2 7 «A/ + a (1) A 2 . (3.14) 



3 In more detail, the diagrams contributing to O 22 22 do not involve the first flavor, which could then be 
set to zero as the calculation of this terms of the effective potential is concerned. The Lagrangian with the 
first flavor set to zero is M = 2 supersymmetric, only with an unconventional choice of SU(2)r embedding into 
SU(4)f> - it can be turned into the standard Lagrangian by an R-symmetry rotation of the N = 4 fields. 
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We have seen that = at one loop for the triplet mesons. The normalization coefficient 
is easily evaluated by free Wick contractions, 

(0$ (x)0|! (»)> = (OH (x)Of- (»)> = (Oi J _ (*)0£ (»)) = lfor4| * _ ^ , (3.15) 



<« = ««!=«* , = ^. (3-16) 



implying 

1 

It remains to evaluate the coefficient We are going to extract from the one-loop 

Coleman- Weinberg potential along the "Higgs branch" of the gauge theory, (Xab) — 0, Q 1 ^ 
0. We put "Higgs branch" in quotes because for general angles it is in fact lifted already 
at the classical level. Let us first recall the analysis for the M = 2 supersymmetric theory 
corresponding to two parallel flavor branes are parallel (9\ = 9 2 = 0). 

As always in a supersymmetric theory, flat directions are parametrized by holomorphic 
gauge-invariant composite operators. In our case the relevant operators are the mesons 

O'^q'-qj, ij = 1,2 (3.17) 

The dot stands for color contraction q-q* = q a q* a and i, j are the flavor indices. The holomorphic, 
gauge invariant mesons that parameterize the Higgs flat directions are subject to F-flatness 
conditions 

q ai q bi = & trO = detO = 0, (3.18) 

thus there are 4 — 2 = 2 complex parameters for the moduli space of the supersymmetric theory 
(9i =$2 = 0). We may parameterize the flat directions by 

Q 1 = u(j^J, Q 2 = u(^®^J, UeSU{2) and qeR. (3.19) 

Color indices are kept implicit. In color space we may take q a=1 = q and q a ^ x = 0. For generic 
9i, 9 2 supersymmetry is explicitly broken in the classical Lagrangian and the Higgs branch is 
completely lifted. 

To select j3f 3+ (which is of course equal to /3f _), we calculate the effective potential around 
a classical background such that (Of) = (0$) = (C3 2 ) = 0, but (Of + ) ^ 0, namely 

Qi= (q) , Q2= {-q) ' (3,20) 

This choice corresponds to the flat direction for the J\f = 1 susy case 9\ = 9 2 . The F-terms 
of the classical potential vanish for general angles, but for 9\ ^ 9 2 the D-terms do not, Vq A = 
g 2 \q\\l-d(9 u 9 2 )). 
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In Appendix E we evaluate the one-loop contribution to the effective potential along this 
background (at large N). With the help of the Callan-Symanzik equation we find 



l 3± 



16tt 2 



d(e 1 ,e 2 )\ +4 sin 2 



9i + 0: 



2 \ . 2 

sin 



01 — 02 



. (3.21) 



From our (mild) assumption that the classical potential be positive we have d{0i,0 2 ) < 1, has 
the crucial implication 

(3.22) 



ag>>0. 



In the supersymmetric case (6i = 6 2 ), af£± = 0, as it must. For 2 = 0, the SU(2) symmetry is 
restored, so 



- a (1) 



16n 2 



l-^0))+i(l-^,0)) 2 + 4 



sin 



> 0. 



(3.23) 



The one-loop triplet beta function (let us focus on the single-angle case) 

/3/s=4 1) /s 2 + 4 1) A 2 



(3.24) 



does not admit real fixed points for / 3 , so conformal invariance is inevitably broken in the 
quantum theory. 4 The running coupling 



A tan 



,(!) 



,(!) 



ln(/V/i ) 



(3.25) 



is a monotonically increasing function interpolating between IR and UV Landau poles, at 
energies 



Vir = A*o exp 



X\ a 



Vuv = exp 



ir\ v 



X\ a 



(3.26) 



For small coupling A — > 0, the Landau poles are pushed respectively to zero and infinity. 



4 Conformal invariance is already broken in the adjoint ("closed string") sector by the hyper multiplet con- 
tribution to /3a, but this is subleading effect (of order 0(1/N)) with respect to the classical Lagrangian. In 
the fundamental ( "open string" ) sector the breaking of conformal invariance is at leading order in N (quantum 
effects arise as the same order as the classical Lagrangian). Of course the whole fundamental sector is 0(1/ N) 
with respect to the adjoint sector, but we can meaningfully separate the effect we are interested in. This is the 
field theory counterpart of focussing on the classical open string dynamics of the D-branes, while ignoring the 
backreaction of the branes on the bulk background. 



-14- 



3.2 The tachyon mass 

As reviewed above, the mass of the field dual to Og± is directly related to the discriminant of 
ml ± R 2 = m 2 BF R 2 + D 3 ±(X; 6 U 9 2 ) = - A - V™ (9 l ,9 2 ) + 0(X 3 ) , (3.27) 

where 



V? = (l - d(6M2 )) + I(l - d{0 u 0,))\t sin 2 (^) sin 2 . (3.28) 

For $i 7^ ^2 the discriminant is negative, implying that the bulk field violates the BF stability 
bound. Whenever supersymmetry is broken, the bulk field dual to Og± is a true tachyon. For 
9 2 = the ± and components of the triplet are related by the £77(2) symmetry and are all 
tachyonic. We expect the field dual to C^ 2 to be tachyonic for general angles. 

For small angles, the 0(A 2 ) tachyon mass depends on a single unknown parameter a (which 
enters the parametrization of the classical Q A potential, see Appendix B), 

R 2 ml(X) = -4 - a ^ (0i - 9 2 f + 0(X 3 ) , 9 1 , 9 2 « 1 . (3.29) 

This expression applies to all three components of the triplet. For the ± components it is 
just the expansion of ( 3.27 ) for small angles. For the component it follows by imposing 
the symmetry constraints m^o^O.O) = and m| o (0, 0) = m|±(0, 0). By AdS/CFT, we get an 
interesting prediction for the mass of the open string tachyon for large AdS curvature (small 
A). 

Conversely, for large A (small AdS curvature) we can compute the mass of the open string 
tachyon using the dual string picture. The open string spectrum of branes intersecting at small 
angles in flat space is well-known. The lowest tachyon mode has mass (see e.g. |2jJ for a 
review) , 

m2 = _ \e 1 -e 2 \ 0! 2 <i. (3.30) 

ix A a 

This becomes a good approximation to the mass in the exact AdS sigma model in the limit 
a'/R 2 ~ A^ 1 / 2 0. Thus 



lim i? 2 m 2 (A) = JllzlA^ = _ML^M A i/ 2 }} 01 ,6 2 «1. (3.31) 



This can be regarded as a prediction for the large A behavior of the discriminant Ds(X), which 
is a purely field-theoretic quantity. Note that apart from the A dependence, which could have 
been anticipated on general grounds, the weak coupling result (|3.29| ) and the strong coupling 
result Q3.31 ) differ in their angular dependence. 
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4. Discussion 



The main technical question that we leave answered is the precise form of the classical Q 4 
potential for generic angles. As we have emphasized, a superspace formulation of M = 4 
SYM with manifest S'L r (4)^ symmetry would offer a solution. It would be interesting to see 
whether the new off-shell formalism for M = 1 SYM in ten dimensions introduced in 
could be applied to our problem. In principle, another way to obtain the Q A potential is by 
taking the decoupling limit of the intersecting brane effective action. This would first require 
the calculation of a four-point function of twist fields, two twist fields corresponding to D3-D7 
open strings and two twist fields corresponding to D3-D7' open strings. This problem has been 
solved for branes intersecting at right angles (see e.g. [[30], [31], |32], ]3"3"|1). The generalization 
to arbitrary angles is an interesting and difficult problem in boundary conformal field theory. 
Taking the decoupling limit may also be challenging in the presence of tachyons - it is not 
clear to us whether the result would be unambiguous or it would require some renormalization 
prescription. 

Even without a complete knowledge of the classical Q 4 potential, by making a plausible 
positivity assumption we argued that the field theory is unstable at the quantum level. By 
AdS/CFT, we obtained a non-trivial prediction for the tachyon squared mass m|(A) at small A. 
Its behavior at large A is known from flat-space string theory. There must exist an interpolating 
function m|(A) valid for all A. It would be extremely interesting to apply integrability techniques 
to find the whole function. There is a large literature on open spin chains arising in the 
calculation of anomalous dimensions of mesonic operators, see in particular |34 , [35| , |36| , |37| for 
our system in the Af = 2 supersymmetric case 9\ = 62 = 0. It remains to be seen whether the 
susy-breaking rotation preserves integrability. 

Another direction for future work is to study the actual tachyon condensation process on the 
field theory side. In the bulk, after tachyon condensation the intersecting D7 branes recombine 
(see e.g. P7|). For small A, the tachyon vacuum corresponds on the field theory side to the local 
minimum of the one-loop effective potential. It would be interesting to expand the Lagrangian 
around the minimum and relate this field theory calculation to the bulk phenomenon of brane 
recombination. 
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A. The Supersymmetric Field Theory 



In this appendix we spell out our conventions and write the M = 2 supersymmetric action for 
the usual D3/D7 system 0. We first present the Lagrangian in Af = 1 superspace and then 
in components. Unless otherwise stated, we follow the superspace notations of . 

As familiar, the Af = 4 vector multiplet decomposes into an M = 1 vector multiplet, 

V = 9^9 A „ + i9 2 9\ - i9 2 9X + 9 2 9 2 D (Wess-Zumino gauge) (A.l) 

and three chiral multiplets 

$ a = ( j) a + x a -e 2 F a , a = 1,2, 3, (A.2) 

all in the adjoint representation of the SU (N) gauge group. For zero theta angle, the superspace 
Lagrangian reads 



Tr 



d 4 9 e~ 9V $ a e 9V $ a + I d 2 9W 2 +(^ \ d 2 9 e abc $ a $ c ] + h.c. 



(A.3) 



where W a = iD 2 D a V is the usual field strength chiral superfield. In this Af = 1 language, only 
an SU(3)r x U(l) r subgroup of the SU(A)r i?-symmetry is visible. The SU(3)r rotates the 
three chiral superfields leaving V invariant, while the U(l) r is the usual Af = 1 i?-symmetry, 
with the chiral superfields having charge 2/3. 5 
In components 6 , 



Tr 



iV2gX AB \ A \ B -iV2gX AB \ A X B - !L[X AB ,X CD } [A' CD , A' 



AB 



(A.4) 



where A, B — 1, ... ,4. The scalars X AB are related to the three complex scalars (p a as 

\ 

^3 n ✓A* ✓A* 

X AB 






3 


2 1 ' 







0! -02 


-0 2 


-01 


o <pi 


-0 1 


0*2 


-03 



(A.5) 



and obey the self-duality constraint (|2.1|) . 



3 Note that we are making a graphical distinction between this U(l) r symmetry and the U{\)r symmetry 



defined in (2.5). Sec the footnote in Appendix B. 

6 In going from superspace to components, we redefine the coupling, g super space = V%9 components, to recover 
the usual normalization. 
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We can also think the Af = 4 vector multiplet as an Af = 2 vector multiplet (comprising V 
and $ 3 ) and an Af = 2 hyper multiplet (comprising Q l and $ 2 ). We wish to couple the Af = 2 
vector multiplet (V, $ 3 ) to Nf "flavor" hyper multiplets in the fundamental representation of the 
gauge group. Each Af = 2 flavor hyper multiplet decomposes into two Af = 1 chiral multiplets 

Q = q + Otf -6 2 f and Q = q + 6tf -6 2 f , 

where Q is in the fundamental representation of SU(N) and Q in the antifundamental repre- 
sentation. In Af = 1 superspace, the flavor part of the Lagrangian reads 7 



-■hyper 



d^O Qi e 9V Q l + / d*9 Qi e~ 9V Q + ( g I d 2 9 Qi $ 3 Q l + h.c. ) , (A.6) 



where % — 1, . . . , Nf is a flavor index. In components, 

C hyper = -D fl QxiD f ,Q Xi - i^D^ - i^D^ 

-V2ig ffiX 12 ^ + V2tg ^X 12 ff 1 
+igV2Q Xl X I i i - igV2ff t XxQ Xl + igV2Q Zi <? J ' kj^ - igV2^ i A x e IJ Q Jl 



—^g 2 QTiXABX AB Q Xl — g 2 QjiX x ^X jt Q x% . 



- • Q Jj )(Qjj ■ Q Xl ) - g 2 exKe CJ {Qa ■ Q Kj ){Qj 3 ■ Q x l • (A.7) 



Following fl34|, we have introduced the SU{2)r doublets 



The other two Weyl spinors can be assembled into an SU(2)l doublet, 

A fS (M = (-»y (A.9) 



a 4 / v-xi 

which does not couple to the flavor hyper multiplets. Note that to avoid cluttering we keep 
color indices implicit. Color contractions are almost always obvious. When ambiguity may 
arise, we indicate the contraction with a dot. For example in the term 

(Qxi-Q Jj )(Qj j -Q Ii ) (A.io) 

the first pair is color contracted, and so is the second pair. 



7 Strictly speaking, this is the Lagrangian for gauge group U(N). For SU(N) there is a 0(1/ N) correction 
to the Q potential, which we neglect since we are interested in the large N limit. 
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The Q A term in the Lagrangian can be written more compactly by introducing flavor- 
contracted composite operators, in the adjoint of the gauge group, 

M^ b ^^=Qj\Q x b \ (A.ll) 

which may be decomposed into the SU(2)r singlet and triplet combinations 

Mi = Mx and Mi? = M% -\M£ Pj . (A.12) 
In terms of the component fields q and q, 

Mi = ^=(qq + 'qq) (A.13) 
M s + = qq 

M s o = — (qq- qq) 
M 3 -=q*q\ 



where the superscripts refer to the eigenvalues under the Cartan generator of SU(2)r. The F 
and F auxiliary fields couple to M 3 ±, while the D auxiliary field couples to M30. Thus the Q A 
scalar potential is the square of the triplet composite, 

£q 4 = -g 2 Tr M 3 M 3 = -g 2 Tr [2M 3+ M 3 - + M 3 oM 3 »] ■ (A. 14) 

Finally, let us write the Q A potential using the gauge-invariant mesonic operators. The explicit 
expressions of the mesons in components are 

0^^=(q ia q ja + -q ia q ja ) (A.15) 
O l i + =q ia q ja 



V2 

~* ie 
3- — q Hja- 



O l 2_ =q* ia q* 



Withe these definitions, 



£ Q4 = - 9 — Tr (3 O l -l O l -l - &l Of) . (A.16) 



B. The Field Theory for General Angles 

In this appendix we derive the Lagrangian dual to the system with two flavor branes at general 
angles, up to an ambiguity in the Q 4 terms of the scalar potential, for which we give a general 
parametrization. As explained in the text, we need to rotate the Af = 4 fields (including in 
principle the auxiliary fields) in the terms of the Lagrangian where they are coupled to the 
second hyper multiplet. 
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B.l R-symmetry rotations of the J\f = 4 fields 



Rotation of the X m scalars in the 49 plane (with angle 9\) and in the 85 plane (with angle 62) 
is performed by the matrix 



ft (6) (^M 2 



/cosfli -sin0i\ 

cos# 2 sin# 2 

1 

1 

- sin 6 2 cos 6 2 

\sin6 1 cos#i / 



(B.l) 



A short calculation using the the Clebsh-Gordon coefficients Q2.2|) gives the corresponding 
SU(4:)ji transformation for the fermions A^, 8 



^ {4) (#iA 



^cos(^) ^sin(^) \ 

cos(^) ^sin(^) 

2sin(^^) cos (^2^) ' 

^ 2sin(^) cos(^) ) 



(B.5) 



Ideally, at this point we would provide the corresponding SU(4) R transformation of the F 
and D auxiliary fields. An unsuccessful attempt to find such transformation rules using the 
formalism of |2|[] is described in Appendix C. 



8 For completeness, we also list the SU(A)r transformations corresponding to various U(l) subgroups. The 
subgroup U(1)r (see (2.5)) corresponds to an 89 rotation: 



3*^89/2 



V 



\ 



1089/2 



-1089/2 



(B.2) 



Rotations in the 45 and 67 planes are given respectively by 



e i8 i5 /2 


\ 


e -i6 45 /2 




g-^45/2 




gie 45 /2 



and 



V 

Finally the U(l) r symmetry of J\f = 1 superspace is 



e ie 6 7/2 


\ 


e -i0 67 /2 






gi067/2 




e -i8 67 /2 ^ 



(B.3) 









e +ir/3 




e +ir/3 




e +ir/3 



(B.4) 
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Clearly, the = 4 part does not depend on the angles, since SU(4)r is an exact symmetry, 

£total(9) = £/V=4 + £hyper(9) ■ (B-6) 

We write 

C hyper (9) = C km + 4l kawa + C% 2Q + 4l kawa (6) + + C Q 49) , (B.7) 

where the superscripts (1) and (2) refer to the first and second flavor, respectively. We have 
indicated which terms are 6 dependent. The terms ^Yukawai®) anc ^ ^Qx^q^) are Axed unam- 
biguously by the transformations ( |B.1| , |B.5| ). By contrast to determine CqiiO) we would need 
an off-shell superspace formulation for the M = 4 multiplet, which is not available at present. 
The terms that we can fix are: 

Ckin = -D^D^ - D%D^ - ty^Dytf - iipi^D^ 1 (B.8) 



£ { Yuka W a = ~V2tg $i Ai q 1 - V2ig fa X 1 ^ - V2ig & A 2 q 1 - V2ig & A 2 q* 1 

-i g 4>i (X 8 + iXg) i) 1 + h.c. (B.9) 



C Qx*q = ~ l 9 2 ?I ( [*4 , X 6 ] + i[X 4 , X 7 ] + i [X 5 , X 6 ] - [X 5 , X 7 ) ) g* 1 (B.10) 

-i p 2 ?! ( [X 4 , X 6 ] - i [X 4 , X r ] - i [X 5 , X 6 ] - [X s , X 7 ] ) q 1 

+ ig 2 ql([Xt,X 5 } + [X 6 ,X 7 ]}q l 

z* i 



-ig 2 q 1 ([X A ,X B ]+ [X 6 ,X 7 ])g~ 
- / qt (x 2 + X 2 ) g 1 - g 2 q, (x 2 + X 2 ) q* 1 



41^) = "V2fc cos (^y^) ^2 Ai g 2 + sin (^y^) A A 3 <? 2 (B.ll) 

- \/2ip g 2 cos f — - ^ Ai ^ 2 + v^g fa sin f — 2 — J 

- V2ig cos ^^1±^^ ^ 2 A 2 g 2 - V2g sin ^ — 

- v^ip cos ^ — ^ ^ ^ 2 A 2 g* 2 + v^g sin ^ — 



A 3 ^ z 
<M 4 g 2 
ip 2 A 4 g* 2 



igip2 (cos ^2 X 8 + sin #2X5 + i cos 6\ X 9 — z sin 6*1X4) -0 + /i.c 
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C Qx*q( 9 ) = ~ i 9 2 <l*2 (cos 



-ig 2 q2 

■ 2 * 

-19 q.2 

-ig 2 q2 

1 ■ 2 * 
+ *g Q2 

1 ■ 2 * 
+ 19 Q2 

-ig 2 q2 

-ig 2 Q2 



2 * 
-g <? 2 



~g 2 h 



3 0! ([X 4 , X 6 ] + 1 [X 4 , X 7 }) + cosd 2 (i [X S ,X 6 ]-[X 5 , X 7 ]) ) g* 2 
cos9 1 ([X A ,X 6 ]-i[X A ,X 7 ]) + coB9 2 (-i[X s ,X 6 ]-[X 5 ,X 7 ]) > jq 2 
; " /J " v v 1 "•[X 9 ,X 7 ]) + sin# 2 (*[X 8 ,X 6 ]-[X 8 ,X 7 ]))f 2 



-sin^([X 9 , X 6 ] +z 

-i[X 8 ,X 6 ]-[X 8 ,X 7 ]))g 



sm6 1 ([X 9 ,X 6 ]-i[X 9 ,X 7 ]) + sme 2 - 

— sin 6 1 ! sin 9 2 [ X 8 , X 9 ] J q 2 



cos 6»i cos 9 2 [ X 4 , X 5 ] + [X 6 ,X 
cos 6>i sin 6> 2 [ X 4 , X 8 ] — sin 9\ cos #2 [ -^5 , Xg ] J q 
cos Si cos fl 2 [X 4 , X 5 ] + [X 6 , X 7 ] - sin 0i sin 9 2 [X 8 , X 9 )Jq 

cos 6>i sin 9 2 [ X 4 , X 8 ] — sin #i cos 9 2 [ X 5 , X 9 ] J q* 2 

1 



~* 2 



cos 9 2 X 8 + sin 9 2 X§ 
cos 6* 2 X 8 + sin ^2-^5 



cos 9 1 X 9 — sin 6*iX 4 
(cos 9\ Xg — sin #iX 4 



<1 



B.2 Parametrizing the Q 4 potential 



Writing 

-C Q ,{9 U 9 2 ) = V Q{ + V Q , + V QlQl {6 x ,6 2 ) , (B.12) 

it is clear that the terms Vqa and Vq4 (involving respectively only the scalars of the first and 
second hyper multiplet) are unaffected by the rotation. Indeed if we set to zero one of the two 
hyper multiplets we must recover the standard supersymmetric Lagrangian (possibly after a 
change of variables: if we set to zero the first hyper multiplet in ( B.71 ) we must rotate back the 
X and A fields to restore QX 2 Q and Yukawa terms to the standard form). 
Recall (Appendix A) that the potential for a single flavor Q, is 



V Qf = Tr [2M? + M?-+MllM%] 



(B.13) 



where ~ (Qi=iQ l )s is the color-adjoint composite in the triplet of SU(2)r containing 



only scalars in the first flavor i — 1 (compare with ( |A.12| )), and similarly of course for Vq4, with 
Ai^ 1 A4 2 ? ~ {Qi=2Q l=2 )z- The mixed terms can be parametrized by two unknown functions 
of the angles, 



2£ 2 Tr 



/ 9 2 ) (MllM 22 - + M\ l -M 22 + ) + d {6 U 9 2 ) M^ M 22 o 



(B.14) 



We have imposed neutrality of the potential under a Cartan generator U(l) C SU(2)r. This 
£7(1) is preserved for general 9%, 9 2 and corresponds geometrically to rotations in the 67 plane. 
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When one of the two angles is zero, say 82 = 0, an SU(2) symmetry is preserved, corresponding 
geometrically to rotations in the 567 directions, which is a certain diagonal combination of 
SU(2) L and SU(2) R . The hyper multiplets are neutral under SU(2) L , so under a 567 rotation 
they just undergo just an SU(2) R . It follows that for 9 2 = the Q 4 must be SU(2) R invariant 
and the functions / and d are related as 

f (9,0)= d (9,0) . (B.15) 



The only assumption we have made in writing ( [B.14] ) is that the rotation does not introduce any 



terms containing the SU(2) R singlet composites A4\ x and M.^. This is generally the case if the 
rotated Lagrangian can be obtained from some off-shell superspace formulation of M = 4 SYM 
with manifest SU(4) R symmetry. Indeed we know that for zero angles the Af = 4 auxiliary 
fields only couple to M3, and rotating the auxiliary fields can never generate A4\. 

When 6\ = 62 = 9 Af = 1 supersymmetry is preserved, and the SU(4) i?-symmetry 
transformation corresponds to a matrix C SU(3), which acts on F a leaving D invariant. 
This is a manifest symmetry of the M = 1 superspace formulation. As reviewed in Appendix 
C, in this special case one can unambiguously find 

f(9,9) = cos9 (B.16) 
d(9,9) = l. 

Further constraints follow from discrete symmetries. The 89 reflection X 8 , X 9 — > —X 8 , —X 9 
corresponds 

01, a -ft, -02- (B.17) 
Invariance of the Q 4 potential under this parity symmetry implies 

/ (0i, 2 )=/ (-01,-02) (B.18) 
d(9 1 ,9 2 ) = d(-9 1 ,-9 2 ) . (B.19) 

Similarly, invariance under the discrete symmetry A 4 -h- X 5 and X 8 «-» Xg, or 

9 1 9 2 , (B.20) 

implies 

/(0i,0 2 ) = /(0 2 ,0i) and d(9 1 ,9 2 )=d(9 2 ,9 1 ) . (B.21) 

Unfortunately this set of relations is not sufficient to fix the functions / and d uniquely. 

A crucial assumption we shall make is positivity of the classical Q 4 potential. It would 
follow from the existence of a superspace formulation with manifest SU(4:) R symmetry: the 
scalar potential would be proportional to the square of some auxiliary fields, and it would thus 
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be positive even the susy-breaking SU(4)r rotation in the terms that couple the auxiliary fields 
to the second hyper multiplet. Assuming positivity, we have 



v Q ±>o => f(e 1 ,e 2 )<i and d{e x ,e 2 )<\ ye u e 2 . 

For small angles, taking into account the discrete symmetries, we can expand 



/(01,0a) = l-a{6l + 9l 



L02 + O(0 3 ) 



d (0i, e 2 ) = i-a (e\ + ej) - pe x e 2 + o{e 3 



(B.22) 



(B.23) 
(B.24) 



for some coefficients a, f3, a, 0. Imposing (|B.16| ) gives 2a + (3 = | and 2a + (3 = 0, while (P-15| ) 
gives a = a. This leaves us with with a single unknown coefficient, 



/(0i,0 2 ) 
d(0i,0 2 ) 



1 - a(0i - 2 



-0102 + O(0 3 ) 



a(0i-0 2 ) 2 + O(0 3 ). 



(B.25) 
(B.26) 



Positivity of the Q 4 potential implies that a > 0. 

Finally we record the explicit expressions of the Q 4 terms, both in terms of component 
fields, 9 



C Q 40u e 2 ) = -2g 2 (ft • q* x ) (ft* • q 1 ) - 2 g 2 (ft ■ q* 2 ) (q* 2 ■ q 2 ) 

-2 g 2 f (0 1; 2 ) [ (ft • f 2 ) (q; ■ q 1 ) + (ft • q* x ) (ft* • q 2 ) 

-|- (? 1 5t-r x «i) 2 -|-(9 2 ^-r a &) a 

-/d (0 1; 2 ) (g 1 - q* 1 ft) ■ [q 2 q* 2 - q* 2 ft) , 
and in terms of the gauge invariant mesonic operators, 



(B.28) 



£q 4 (01 ; 02 



_9_ Tl 



Tr 



3 Ol 1 Ol 1 - 0\ l Ol 1 
-g 2 (d(0i,0 2 ) + 2/(0i,0 2 )) Tr[0f Of 
- 9 2 (d (0i, 2 ) - 2 / (0 1; 2 )) Tr [Oil Oil 
+g 2 d (0!, 2 ) Tr \ol 2 + Of- + O 12 - Of + 



3 Of Of - O f Ol 



22 /o22 



(B.29) 



9 We use dots as shorthand notation for color contractions. Using a, b for the color indices, and suppressing 
all other indices, we set 



{qq*)-{qq*)={q a ql)-(q b qt) , (« ?*) = (<?" 9b) ' («" £) • 



(B.27) 
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C. R-symmetry in M = 1 Superspace 



In this appendix we describe an attempt to derive the Q 4 potential for general angles, using 
a formalism developed in to describe the general global transformations of = 4 



SYM in Af = 1 superspace language. The attempt fails, for reasons that could have been 
anticipated: while the formalism prescribes how auxiliary fields must transform under general 
R-symmetry transformations so that the action is invariant, the transformations do not close 
off-shell. Nevertheless we believe that the exercise contains some relevant lessons in the search 
of a more complete superspace formulation of M = 4 SYM and we reproduce it here for the 
benefit of the technically inclined reader. We also present an application of the formalism 
to the analogous problem for Af = 2 SYM coupled to Af = 1 chiral matter: how to break 
supersymmetry by inequivalent embeddings of two Af = 1 subalgebras into Af = 2. In this 
case the formalism works, because the algebra of global transformations closes off-shell. The 
simplified problem is interesting in its own right and provides a model for how things should 
work in the yet-to-be-found improved superspace formulation of Af = 4. 

In Af = 1 superspace, Af = 2 SYM has a manifest U (l) r x U(l) u subgroup of the SU (2) R x 
U{l) R R-symmetry, and Af = 4 SYM a manifest SU(3) R x U{l) r subgroup of the SU{A) R 
R-symmetry. Nevertheless, the remaining R-symmetry transformations, while realized non- 
linearly, are legitimate off-shell symmetries of the superspace action. They close off-shell for 
Af = 2 but not for Af = 4. The explicit transformations rules were originally given in | 23fl . We 



follow the presentation of |24 . Here we review the superspace formalism of |23| , 24], translate 



it into components and apply it to our problem. 
C.l Global symmetries in Af = 1 superspace 

Af = 1 supersymmetric theories are invariant under translations, supersymmetry transforma- 
tions and (under certain conditions) R-symmetry transformations. The parameters of these 
transformations can be assembled into a single x-independent real superfield £, subject to the 
gauge- invariance 

<*C = *(£-£), (ci) 

where £ is an x-independent chiral superfield. The physical components of ( (in Wess-Zumino 
gauge) are 

C a & = \[D & ,D a ]C\, e a = iD 2 D a (\, r = ^D a D 2 D a (\. (C.2) 

The vector ( a6l parametrizes the translations, the spinor e a the supersymmetry transformations 
and the scalar r the U(l) r symmetry. 

Let us next consider the Af = 2 SYM theory. In Af = 1 superspace, the field content 



consists of a vector superfield V and a chiral superfield <D. It was shown [24 that the Af = 2 



-25- 



SYM action is invariant under the global transformations 

5$ = -W a V a 7] - i V 2 (V a C) V Q $ (C.3) 
e~ v 5e v = i (fj $ - 77 1>) + (t^ a V a + rV a ) C • 

Moreover, the algebra of these transformations closes off-shell. The parameters 7? and ( are re- 
independent, color neutral superfields. The symbol V a denotes the gauge- covariant derivative, 
V Q = e~ v D a e v , and $ = e~ v i'e v '. Note that V a r? = _D a 7? and V Q C = -D a C Another obvious 
global symmetry of the action is a phase rotation of $, 

5$ = zit$ , 5V = . (C.4) 

The parameter ( is the real superfield of Af = 1 transformations, as above. Its vectorial compo- 
nent ( a a parametrizes translations, its spinorial component parametrizes the manifest M = 1 
supersymmetry, and its auxiliary component r parametrizes the manifest U(l) r symmetry 

$(y,9) ^ e- 2ir $(y,e ir 6), V(x, 9, 6) V{x, e tr 6, e~ ir Q) . (C.5) 

The parameter rj is a chiral superfield that mixes and $. Its components are 

z = r)\ , e 2 a = D a r]\ , fi = D 2 r]\ . (C.6) 

The complex scalar z corresponds to the central charge, the spinor e 2 a parametrizes the second 
(non-manifest in M = 1 superspace) supersymmetry transformation, and finally the complex 
scalar /i parametrizes the non-manifest internal symmetries U(2)/(U(l) r x U(l) u ). The complete 
internal symmetry group of the classical action is U(2), parametrized by u, r and /x (Note that 
together the parameters ( and rj form an M = 2 vector multiplet, mimicking the field content 
of the theory.) 

From ( |C.3| , |C.4| ), we find the following global symmetry transformation rules on the com- 
ponent fields and auxiliary fields: 

5<j) = -2tr<j) + tu<j) (C.7) 

Sx = -I^X-irx + iuX (C.8) 
5X = Jix — ir\ 

5F = 2ifiD + iuF (C.9) 
5D = i(jiF- fiF) . 

The two U(l)s in these transformations are the r-symmetry of M = 1 superspace U(l) r and 
the global phase rotation U(l) u : these are natural symmetries from an M = 1 superspace point 
of view. The M = 2 SYM theory has a SU(2)r x U(1)r R-symmetry where the U(1)r and the 
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diagonal T 3 C SU(2)r are related to r and u as R 
write 

56 = -2iR6 



2 ' 



/i 3 = u, so that we can equivalently 



5X 
SF 
5D 



i RX — i — X 



VX 

2 i \iD — i fi 3 F 
i (JlF - fiF) . 



(CIO) 
(C.11) 

(C.12) 



Note that the auxiliary fields transform as a triplet under SU(2)r. 

We finally come to M = 4 SYM. The M = 4 action is invariant under the global transfor- 
mations p4] 



W a V a r] a + e a6c V 2 r/ b $ 



V 2 (V a C) V a $ a + -V 2 (V 2 C) $ a 



(C.13) 



v 5e v = i (f] a <S> a - rf<l a ) + (W a V a + rV,) C • 



(C.14) 



Unlike the M = 2 case, the algebra does not close off-shell. The parameters £ and rj a , a = 1, 2, 3 
have the same interpretation as before. The real superfield ( contains the parameters of the 
manifest symmetries, while the chiral superfields if contain the parameters of the non-manifest 
symmetries. In particular their auxiliary auxiliary components of [i a are the parameters of the 
SU(4:)/(SU(3) x U(l) r ) R-symmetries. From (|C.13|) , after some algebra we find the following 
SU(4)/SU(3) transformation rules on the component fields, 



66 a = -e abc fi b 4> c -i-r, 
6 X a = -fi a X + Ur X a 



5X 
5F a 
5D 



^aX 



ir X 
A 



2iu a D + i-rF a 
P 3 



(C.15) 
(C.16) 

(C.17) 



i(fi a F a -v a F a ) . 
C.2 Application to N = 2 

Let us consider M = 2 SYM coupled to Nf M = 1 chiral multiplets Q l , i — 1, . . . Nf. The only 
term in the M = 1 superspace Lagrangian that couples the different flavors is the Kahler term 
for the chiral multiplets, 

' ' d A 6Q t e 9V Q l . (C.18) 
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(There is no superpotential term that preserves gauge invariance and the U(Nf) global flavor 
symmetry.) In component language, and before integrating out the auxiliary fields, the relevant 
terms in the Lagrangian are 

C = ... + D(q*q i + [(f), $]) + D 2 + FF + ... (C.19) 

We then perform an off diagonal SU(2)r transformation ( |C.12|) with /i = i0/2 to the M = 2 
SYM component fields that couple to the second chiral multiplet. 

C = ... + D (qlq 1 + q* 2 q 2 cos + [0 , 0]) + Re(F)q* 2 q 2 sin 9 + D 2 + FF + . . . (C.20) 

Integrating out the auxiliary fields, we find the scalar potential 

Vq* = |gi| 4 + M 4 + 2 cos9\qlq 2 \ 2 , (C.21) 

which is positive definite for any 9 since it is proportional to D 2 + FF. 

C.3 Application to N = 4 

From ( |B.1| ), we see that for infinitesimal 9i, 02, 

0\ + 02 



2 r \ 2 



(C.22) 



0\ + 02 \ , . f 01 — 02 

h = I | ^ 01 + I 



■>2 







The holomorphic part of the variation is an infinitesimal SU(3) rotation S(j) a = i{0\ -\-02){T§ (j)) a 



generated by the Lie algebra element 



1 



f 6 = l\ 6 = l I 000 I . (C.23) 



2 



1 



Comparison with ( C.15 ) shows that the antiholomorphic part of the variation is an SU(4) / SU(3) 
transformation with parameters 

r = fix = ns = 0, fa = ± i 2 (C.24) 

Recalling that F a transform in the 3 of SU(3), and using (|G.17|) for the transformation rules 
under S77(4)/ SU(3), we find the corresponding variations of the auxiliary fields, 

6F 1 = i F " ( C ' 25 ) 

6F 3 = i l 9 -±±^\F l 



-28- 



SD = - (0i - 2 ) Re (F 2 ) (C.26) 
5Re (F 2 ) = (0! — 9 2 ) D . 



Their naive exponentiation gives 



D \ /cos (0i -0 2 ) -sin(0! -e 2 )\ ( D 



Re (F 2 ) J rot \ sin (0 X - 2 ) cos (0 X - 2 ) J \ Re (F 



'2 



(C.27) 



FA / cos(^) isin(^)\ /F 
F 3 J -^sin(^) cos (^) A Fa 



(C.28) 

Given these explicit transformations for the auxiliary fields we can proceed to derive the form 
of the Q 4 potential after rotation. The prescription is to transform the auxiliary fields that 
couple to the second hyper multiplet, leaving untouched the auxiliary fields that couple to the 
first hyper multiplet. This method predicts 

/(0i,0 2 ) = cos(^^) (C.29) 
d(0 1 ,0 2 ) = cos (0i -0 2 ) 

for the parameter functions introduced in ( |B.14| ). This result is clearly incorrect. It does not 
satisfy condition ( |B.15| ). Moreover /(0,O) has the wrong periodicity - the potential should 



come back to itself after a 2ir rotation. Since the transformation rules do not close off-shell, 
it was not permissible to simply exponentiate the infinitesimal variations. It appears that this 
is a fundamental flaw of this formalism and that what is required is a different superspace 
formulation where the SU(4)r closes off-shell. 



D. Anomalous Dimensions 

In this appendix we describe the computation of the one-loop anomalous dimensions of the 
mesonic operators O x j. Following |j38| , we view a single-trace composite operator as a closed 
spin chain whose sites correspond to the elementary fields. In the large N limit and at the 
one-loop level only nearest neighbor interactions are present. The nearest neighbor interaction 
is conveniently expressed in terms of three elementary operators acting on the vector space 
of two successive sites. These three operators represent the three independent ways to map 
two SU(2)r symmetry indices of an "incoming" operator O x j to the indices of an "outgoing" 
operator Oc^- They are the trace operator K, the permutation operator P and the identity 
operator I: 

Kg = ##, Fi^5 IK 5 JC , = (D.l) 
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(a) (b) (c) 




(d) (e) 
Figure 3: One-loop Feynman diagrams contributing to jq. 

The anomalous dimension of the mesonic operators receives contributions from the Feynman 
diagrams shown schematically in Figure |2|. Since the gauge boson exchange is .R-symmetry 
blind, the Feynman diagram shown in figure 0(a) is proportional to the identity operator, 

Z A -l = (l-oC^ IlnA ' (D-2) 
Here £ is the gauge fixing parameter in the propagator of the gauge boson, which is ^ — i^— 



k 2 

in our conventions. The SU(2) R structure of the quartic interaction (figure 0(b)) is more 
interesting. The scalar vertex has index structure 

l%5£-6i6£ = h-K, (D.3) 

with trace part arising from F-terms and the identity from the D-terms. The contribution of 
the quartic interaction to the renormalization of the mesonic operators is then 



Z Q 4-1 = ^ (I - 2K) InA . (D.4) 



Finally, we need to consider the squark self-energy corrections (figure @(c), shown in more detail 
in figure The contribution of the squark self-energy to the meson renormalization is 



Z Q -l = -(2-0 A IlnA " ( D ' 5 ) 



We also record for future use the anomalous dimension of the squark, 



7Q=g^#(2-0- (D.6) 



Adding the diagrams, we find 
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1 + 



4^ 



K In A 



(D.7) 



and we read off the matrix of anomalous dimensions, 



r (i) 



dZ 
din A' 



47T S 



(D.8) 



This answer is due entirely to the F-terms, since all other contributions (D-terms, gluon ex- 
change and self-energy diagram) add up to zero. This is an example of a general property of 



theories with extended supersymmetry |39| , f40| , [41 



The trace operator is a 4 x 4 matrix that acts on the four dimensional 2x2 vector space 
Q x Qj. Its eigenstates are the singlet and the triplet states of SU(2) R , with eigenvalues 2 and 
respectively. In this basis the anomalous dimension matrix is diagonal, with eigenvalues: 



71 



2^2 



and 73 = 



(D.9) 



This result is expected because O3 is an M = 2 chiral primary that obeys the shortening 
condition A = 2R, while 0\ belongs to a long multiplet and is not protected. 



E. Coleman- Weinberg Potential 

The calculation of the one-loop effective potential is straightforward but somewhat lengthy. 
Here we provide some intermediate steps for the sake of the reader who would like to repro- 
duce our result. Following the original paper by Coleman and Weinberg | 4"2| , the bosonic and 
fermionic contributions to the one-loop effective potential are 



base 



64vr 2 



TrA^ln (M 2 b ) 



Vfe 



1 / + x2 
-Tr [M f M ] 



647T 5 



l f JVl f 



\u[M f M) 



where the mass matrices read off by expanding the Lagrangian 
background. We choose the background (|3.20|) 



(E.l) 
(E.2) 

around the classical 



Qi 



Q2 







q e C 



(E.3) 



Setting to zero the extra "double-trace" couplings, / = 0, we find the following partial contri- 



butions (we write V = v N f 6 $ m |g| 2 ) 



V Q 



5 + d 2 



(E.4) 
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v fermi (0) 

v A = 3 , 



8 + 2 sin 2 



v x 



2-2 sin 2 



01+0 2 



- 2 sin 2 



+ 2 sin z 



0i + 2 



+ 4 sin 2 



sin 



#i + fl 2 



The contribution of the gauge fields is calculated in the Landau gauge 10 . Adding these partial 
contributions, 



A 

Vi-ioop (Oi, 02, f = 0) = — Vx-ioop \q\ A In \q\ 



with 



1 



^l—loop 



<,Tt z 



4 sin 



6»! + 6> s 



sin 



01 — 02 



+ 



d 2 (0 1 ,0 2 )-l 



For 0i= 2 = 0, using 0) = 1 we find 

Vi-ioo P (0,0;f = O) = O. 



(E.5) 
(E.6) 

(E.7) 



as expected since this configuration preserves M = 1 susy. 

Along this classical background, the tree- level potential V tre e = —(£Q*+8£fund) ( see (|B.28| ) 
and (J3.13|)) evaluates to 



Vtree(q) = ^^~ * 2 )) + ^ I?!' = £ C X + ^ Cf • 



A 



/ 3+ 



(E.8) 



The classical background was chosen precisely to ensure that the only double-trace coupling 
contributing at tree level is f$+. The Callan-Symanzik equation for the effective potential reads 



9 n d _ d m d 



dfi df 



dq 



V(q,fx,f,\) = 0. 



(E.9) 



We can drop the (3\ term since it is subleading for large N . Writing V(f, A) = Vtree+Vi-ioop(f = 
0) + 0(f) + 0(A 3 ), the CZ equation allows to extract the /-independent one- loop coefficient of 
fa, P f (f = 0) = a(\) = aW\ 2 + O(\ 3 ), 



=4 7 « (C x /C f )+v^ loop 



l-d(0 1 ,0 2/ 



(E.10) 



16?r s 



l-d(0 1 ,0 2 )) +4 sin 



01+02 



Sill 



01 — 02 



10 This is convenient for the following reason. The formula (B.l) arises from the resummation of polygonal 
one-loop diagrams with the background fields at the external legs which have zero momenta. When gauge fields 
are inside the loop there are more diagrams than just the gauge polygons (the polygons are made purely out 
of gauge fields). But in the Landau gauge the only diagrams that are non-zero are gauge polygons. Then their 
contribution is simply (E.l) multiplied by 3. The extra factor of 3 stems from the trace of the numerator of the 
Landau gauge propagator. 
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To study the stability of the CW potential, we must first perform the standard RG improvement 
42| . A detailed discussion for the problem at hand can be found in section 3 of [21|. One finds 



that the "perturbative vacuum" q = is stable if and only if j3f admits real zeros. In our case 
/3f has imaginary zeros and symmetry breaking does occur. This is one of the manifestations 
of the tachyonic instability on the field theory side. 
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